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An exterior set with respect to the hyperbolic quadric Q’(2n- 1, q) of 
PG(2n - 1, q), n 3 2, is a set X of points such that each line joining two distinct 
elements of X has no point in common with Q+(2n- 1, q). Then 1 X 1 < 
(q” - l)/(q - 1). If 1 X 1 = (q” - l)/(q - l), X is called a maximal exterior set (MES). 
The existence of a MES of Q+(2n - 1, q) implies the existence of a MES of 
Q+(2m - 1, q), 2 <m <n. All MES of Q+(3, q) were determined. Further, it was 
proved that Q+(2n-l,q), with n>,3,q${11,23,59} and (n,q)#(3,2), has no 
MES, and that Q+(5,2) has a unique (up to a projectivity) MES. Here we prove 
that Q+(2n- 1, q), n# 3 and q odd, has no MES, thus giving the complete 
classification of ah MES. 0 1991 Academic PESS, IIIC. 
1. MAXIMAL EXTERIOR SETS 
An exterior set with respect to the hyperbolic quadric Q+(2n - 1, q) of 
PG(2n - 1, q), IZ # 2, is a set X of points such that each line joining two 
distinct elements of X has no point in common with Q+ (2n - 1, q). It is 
easy to show that for an exterior set X of Q+(2n - 1, q) we have 
IXI<(q”-l)/(q-1) [S]. If IXl=(q”-l)/(q-l), then X is called a 
maximal exterior set (MES). 
Let X be a MES of Q+(3,q)=H. Then lXI=q+l. If X= 
1 4+ 1}, then let ni be the polar plane of xi with respect to H and 
leTt,:‘$=xCi. Then F= {C,, Cz, ,.., C 4 + 1 } is a partition of H. A partition 
of H consisting of q + 1 irreducible tonics will be called a frock of H. 
Conversely, each flock of H defines a MES of H. If X is a line, i.e., if the 
planes n,, 7r2, . . . . nq+i all contain a common line, then the MES X as well 
as the flock F will be called linear. 
In [9] S. Rees proves that the existence of a MES of Q +(5, q) implies 
the existence of a non-building C,-geometry. 
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In [S] F. De Clerck and J. A. Thas show that the existence of a MES of 
Q+(2n- 1, q) implies the existence of a MES of Q+(2m- 1, q), 2 <m<n. 
Consequently, if Q’(5, q) has no MES, then also Q+(2n - 1, q) with n > 3 
has no MES. 
2. THE CLASSIFICATION OF ALL FLOCKS OF Q + (3, q) 
If F is a jlock of the hyperbolic quadric Q + (3, q) with q even, then it was 
shown by J. A. Thus [6, lo] that F is necessarily linear. 
From now on we assume that q is odd. 
Let H be a hyperbolic quadric of PG(3, q), with q odd. In the set of all 
irreducible tonics of H we define the following equivalence relation 
[6, 10, 111 : two tonics C, and C, are equivalent if and only if there is an 
irreducible conic C on H which is tangent to both Ci and C,. There are 
two equivalence classes, denoted by I and II. Let L be a line having no 
point in common with H, and let L’ be the polar line of L with respect to 
H. The set of all tonics of class I (resp. II) containing L is denoted by V 
(resp. I”). For q = 1 (mod 4) the set of all tonics of class II (resp. I) con- 
taining L’ is denoted by W (resp. IV’); for q z - 1 (mod 4) the set of all 
tonics of class I (resp. II) containing L’ is denoted by W (resp. IV’). Then 
it was shown by J. A. Thas [6, lo] that Vu W(resp. I” u IV) is a (non- 
linear) flock of H. By most authors these flocks are called Thus flocks. 
In Cl] L. Bader shows that for q = 11,23, 59 the hyperbolic quadric H 
of PG(3, q) has a flock which is neither linear nor a Thas flock. These 
flocks were independently discovered by N. L. Johnson [7], and for 
q = 11,23 also by R. D. Baker and G. L. Ebert [3]. These flocks are called 
by L. Bader the exceptional jlocks. 
Finally, the joint efforts of L. Bader, G. Lunardon, and J. A. Thas [2, 121 
led to the following classification : any frock of the hyperbolic quadric H of 
PG(3, q), q odd, either is a linear flock, or a Thus jlock, or an exceptional 
j7ock. The following result is crucial for the proof. Let F= (C,, . . . . C, + , } 
be a flock of Q’(3, q), let rri be the plane of Ci, let xi be the pole of rci 
with respect to Q’(3, q), and let F’ = {x, , x2, . . . . xq + , }. If O(i) is the 
involutorial perspectivity of PG(3, q) with centre xi and axis rri, then 
J. A. Thas [12] shows that F’(‘) = F and so F’Oti) = F’. 
3. THE NON-EXISTENCE OF MES OF Q + (2n - 1, q), 
WITHn>$q$(11,23,59) AND (n,q)#(3,2) 
Relying on a theorem of W. M. Kantor [8], F. De Clerck and 
J. A. Thas [S] prove that Q+(2n- 1,2) with na4 has no MES and, rely- 
ing on the fact that each flock of Q’(3, 2h) is linear, J. A. Thas [S, 91 
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proves that Q’(5, q), q even, and q > 2, has no MES. Hence Q+(2n - 1, q), 
n > 3, q even and q # 2, has no MES. Conwell [4] proves that Q + ($2) 
admits a unique (up to a projectivity) MES. Together with a result in 
Section 2 this means that for q even the only MES are the linear MES of 
Q’(3, q) and the unique MES of Q+(5,2). 
From now on assume that q is odd. 
Let X be a MES of the hyperbolic quadric Q + (5, q). Two points x and 
y of PG(5, q) - Q +(5, q) are called equivalent if there exists a point 
z E PG(5, q) - Q + (5, q) for which xz and yz are tangent lines of Q + (5, q). 
This relation is an equivalence relation and there are two equivalence 
classes denoted by I’ and II’. In [ 123 J. A. Thas proves that either Xc I’ 
or Xc II’. He also proves that Q + (5, q) has no MES for each value of q 
for which Q + (3, q) only admits the linear and the Thas flocks. Combining 
this with the classification of all flocks in Section 2 it follows that Q + (5, q), 
with q# { 11,23, 59}, has no MES. Hence Q’(2n - 1, q), with n> 3, q odd 
and q$ {11,23,59}, has no MES. 
Hence the only cases which are still to be considered are the quadrics 
Q+(2n-l,q)withn>3andqE{11,23,59}. 
Finally we make the following observation. Let x E Q + (5, q) and let nn, 
be the tangent hyperplane of Q + (5, q) at x. Then 71, contains q + 1 points 
of the MESX= (xi, x2, . . ..x~z+~+~} of Q+(5, q), say rr, contains 
Xl, x2, .*., xq+l. Further, let PG(3, q) be a hyperplane of 71, not containing 
x, let PG(3, q) n Q’(5, q) = Q’(3, q), let xxi n PG(3, q) = xi, with 
i = 1, 2, . . . . q + 1, let rci be the polar plane of xi with respect to Q + (3, q), 
and let Ci=Q+(3,q)n& Then F’={x;,x; ,..., x;+~> is a MES of 
Q’(3, q), and so F= (C,, Cz, . . . . C,,,} is a flock of Q’(3, q). Since either 
Xc I’ or Xc II’, either F c I or F c II (I and II are the equivalence classes 
introduced in Section 2), and so F either is a Thas flock or an exceptional 
flock (see J. A. Thas [12]). 
4. THE NON-EXISTENCE OF MES OF Q + (5, q), WITH q ODD 
Let X= {xi, x2, . . . . x92+q+l } be a MES of Q + (5, q), with q odd, let rri 
be the polar hyperplane of xi with respect to Q’(5, q), and let 
xinQ+(5,q)=Qi, i= 1, 2, . . . . q*+q+ 1. 
If L is any line of Q+(5, q), then the polar 3-space of L with respect to 
Q + (5, q) contains exactly one point of X; it follows that L is contained in 
exactly one quadric Qi. Since each line xix,, i#j, is exterior to Q’(5, q) 
it is also clear that Qi n Qi = 0, is an elliptic quadric of the 3-space ni n 5. 
The involutorial perspectivity of PG(5, q) with centre xi and axis rri, will 
be denoted by e(i), i = 1, 2, . . . . q* + q + 1. Clearly fI( i) fixes Q + (5, q) setwise 
and Qi pointwise. 
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LEMMA. For any i= 1, 2, . . . . q* + q + 1 we haue A?(j) = X 
ProoJ Consider O(i), with i E { 1, 2, . . . . q2 + q + 1 }, and let x;(i) = K, i # j. 
Let x E O,, let K, be the tangent hyperplane of Q+(5, q) at x, and let 
Qi n rc, = CjX. Further, let PG(3, q) be a 3-space of A, through xi but not 
containing x, let Q + (3, q) = Q +(5, q) n PG(3, q) and let F, be the flock of 
Q’(3, q) defined by x. Conies of F, are CjX n PG(3, q) = CjX and 
II, n Qi n PG(3, q) = C, n PG(3, q) = C,. By Section 2 the involutorial 
perspectivity O(i) of PG(3, q) with centre xi and axis a, n PG(3, q) = fi fixes 
7. 
F,. Clearly 0(z) 1s the restriction of 0(i) to PG(3, q). Hence CT E F, and 
so the cone C’?) belongs to some hyperplane nk. 
If x’ E 0, -TX}, then analogously the cone CT:,(r) belongs to some hyper- 
plane rck,. Now suppose that zk = znk,. Since z contains CBci) and C!(f) and 
as there is just one hyperplane containing these two cone’,“, we necgsarily 
have n=n,. 
Now assume that the q2 + 1 points of 0, define q2 + 1 different hyper- 
planes of the set A” = (rcl, rc,, . . . . K~z+~+ i}. We show that for each point 
x E 0, the corresponding hyperplane nk has just x in common with 0,. So 
let x’ E 0, n xk, with x # x’. Since CjX and CjXP have a conic C in common, 
also Cf:i) and CyJ? have a conic C@) in common. Since x’ and Csci) belong 
to rrk, also the cone C!(f) = x’C 0(i) belongs to rck. Hence rrk = xk,, a con- 
tradiction. Consequentlcfor any point x E 0, and its corresponding hyper- 
plane rrk we have ak n 0, = {x}. In particular nk # nj. It follows that with 
the q2 + 1 points of 0, correspond q2 + 1 distinct elements of X’, say 
Al, n2, **., nq2+1. The number of elements of X’ through XE 0, is equal to 
the number of points of X in the tangent hyperplane x, of Q+ (5, q) at x, 
so is equal to q + 1. One of these q + 1 hyperplanes is the element of X’ 
containing CBci) 
Jx ' say x1, 
while the other q hyperplanes are necessarily 
nq2+2, nqz+ 3, . . . . 7(qz+q+ 1. Hence x~z+~, x~z+~, . . . . ~c~z+~+~ contain any 
point x in O,, and consequently all contain O,, It follows that 
xixjnX= {x~z+~, x~z+~,...,x~~+~+,}. Since n,nzjnz,nQ+(5,q) con- 
tains just one point x, the plane xixjxl is tangent to Q+(5, q) at x. If rc, 
is the tangent hyperplane of Q+(5, q) at x, then 7~,n Q+(5, q)= 
{ XI, X$+2, .--3 xg*+q+1 } c xxixj, and so the flock F.X defined by x is linear. 
This contradicts Section 3. 
Hence x~(‘)E X’, and so X’s(i) =x’, i = 1, 2, . . . . q2 + q + 1. Since O(i) 
leaves Q+(5, q) invariant, it finally follows that Pci)= X for all 
i = 1, 2, . . . . q2+q+1. 1 
THEOREM. The hyperbolic quadric Q + (5, q), with q odd, has no MES. 
Proof: Let x E Q + (5, q), let K, be the tangent hyperplane of Q +(5, q) at 
x and let PG(3, q) be a 3-space in n, not containing x. The hyperplane x, 
contains q + 1 points of X, say x1, x2, . . . . xq+ r. If xxin PG(3, q) = 
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x:, i= 1, 2, . ..) q+ 1, then FL= (x;,x; ,..., x;+~} is a MES of Q+(3,q)= 
PG(3, q) n Q’(5, q). Let L be a line of PG(3, q) and assume that 1 FL n L\ 
is even. Say F: n L = (x; , xi, . . . . XL}, with r even. We now show that 
Xl, x2, -*., x, are collinear. 
Clearly we may assume that r > 2. Since PC’) = X and (xx,x~)~(~) = 
xxlx2 we have (x1,x2, . . . . x,)@(~)= (x1,x2, .,,, x,). As x:(*)=x,, r is even 
and tI( 1) is involutorial, t3( 1) fixes at least one point of {x2, xj, . . . . xI), 
say 0( 1) fixes x2. Hence x2 E rrl. Suppose that x3 $ x1 x2. Clearly the 
plane x1x2x3 is tangent to Q+(5, q) at x. In x,xzxj 0(l) induces an 
involutorial perspectivity with centre xi and axis xxz, so the only points 
of (Xl, x2, ..‘, x,} fixed by 0(l) are x1 and x2. Let x$(l)=x4. If 
x3x4 n xx2 = {u}, then (x1ux3xq) = - 1. In x1x2x3 e(2) induces an 
involutorial perspectivity with centre x2 and axis xxl, so the only points of 
{ Xl, x2, . . . . x,) fixed by e(2) are x1 and x2. Let xit2)= x5. If xqx5 n xx, = 
(u>, then (ux2xgx4) = - 1. Since (xIux3x4) = (ux2x5x4) = - 1 and both 
xiv, #x2 contain x, also xjxj contains x. Hence x3x5 is not exterior to 
Q + (5, q), a contradiction. Consequently xi, x2, . . . . x, are collinear. 
Let d be the maximum even number of collinear points in the MES, and 
assume d>, 2. For example assume x,x2 n X= {x1, x2, . . . . xd). Let 
0,,=n,nn,nQf(5,q)=Q1nQ2. Since X@“‘=Xand (x,x~)~(*)=x~x~, 
we have (xi, x2, . ..% x~)‘(~)= {xi, x2, . . . . x,1. As x;(I)= xi, d is even and 
e(l) is involutorial, e(l) fixes at least one,point of (x2, x3, . . . . xd}, say e(l) 
tixesx,. Let x~O~~andxx,x,nX=(x,,x,,...,x,~], dad. Inxx,x,@l) 
induces an involutorial perspectivity with centre xi and axis xx2. Since 
{x,, x2, . ..) x&}6(1)= (X’, x2, . ..) xdf) and e( 1) fixes exactly two points of 
{XI, x2, . . . . Xd’), d’ is necessarily even. By the preceding section 
x1, X2, ..., xd’ are collinear. Since d is the maximum even number of 
collinear points in the MES we necessarily have d = d’. Now we count the 
number 8 of ordered pairs (x, xk), with xk E X, x E O,, and xk in the 
tangent hyperplane x, of Q’(5, q) at x. For a given point x E Oi2, the 
number of points of X contained in 71, is equal to q + 1. Hence 
e= tq2+ l)(q+ I). 
Each point of x1x2 n X= {x,, x2, . . . . xd) is contained in q2 + 1 spaces 
xx, XEO,2; each point xk E X contained in a set (xxlxz n X) - x, x2, 
x E OL27 belongs to exactly one space ‘II,; any of the remaining points 
of X belongs to exactly q + 1 tangent hyperplanes xx, x E O,,. Since 
(xxIx2nX)-x,x,=@ for any XEO~~, we have 
0=d(q2+ l)+(q2+ 1).0+(q2+q+ 1 -d)(q+ 1). 
It follows that d(q2 - q) = - (q2 + q), a contradiction, 
Hence no line L with L n X# 0 contains an even number of points of 
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X. Let x E Q+(5, q) and let x1, x2, . . . . xq+ , be the points of X in the tangent 
hyperplane TL, of Q + (5, q) at x. Since X’(l) = X and TC!(~) = xX, we have 
{ x1,x2, . . . . x,+,}‘(‘)= {x1,x2 ,..., x,,,). As q+ 1 is even and x~(‘)=x~ 
we may assume that O(l) fixes x2. Let x,x,nX= {x1, x2, . . . . x,,>. 
Since .X@“=X and (x,x~)~(‘)=x,x,, we have {x1, x2, . . . . x8}@(l)== 
{x1, x2, . . . . x8}. Since O(1) fixes exactly two points of {x,, x2, . . . . xd,}, d’ is 
necessarily even. It follows that (x1x2 n XI is even, a final contra- 
diction. i 
5. THE CLASSIFICATION OF ALL MES OF Q + (2n - 1, q), n 2 2 
Summarizing, the following theorem gives the complete classification of 
all MES of Q+(2n - 1, q), n 2 2. 
THEOREM. The only MES of Q + (2n - 1, q), n 3 2, are 
(i) the unique MES of Q+(5, 2); 
(ii) the linear MES of Q+(3, q); 
(iii) the Thas MES of Q +(3, q), q odd; 
(iv) the exceptional MES of Q + (3, q), q = 11,23, 59. 
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